Abstract: We give some remarks on exact quantization conditions associated with quantized mirror curves of local Calabi-Yau threefolds, conjectured in arXiv:1410.3382. It is shown that they characterize a non-perturbative completion of the refined topological strings in the Nekrasov-Shatashvili limit. We find that the quantization conditions enjoy an exact S-dual invariance. We also discuss Borel summability of the semi-classical spectrum.
Introduction
String theory is defined only perturbatively. It is widely believed that non-perturbative effects in string theory are explained by D-branes [1] . Topological string theory is a toy model of string theory [2] . It provides us many significant insights in string theory, Mtheory and gauge theories. One natural question is how we should formulate topological string theory non-perturbatively. There are several attempts for this goal, based on the large N duality [3] , the resurgence theory [4] , a relation to supersymmetric gauge theories [5, 6] and a quantization of spectral curves [7] .
In [7] , Grassi, Mariño and the author proposed a new perspective on the topological strings. Using mirror symmetry, we start with a quantization of mirror curves (with genus one) for local Calabi-Yau threefolds [8, 9] . These quantized mirror curves are naturally associated with trace-class operators [7, 10] . Such operators have an infinite number of discrete eigenvalues. In [7] , the exact spectral determinants for these trace-class operators were conjectured by using the earlier results in [6] . These spectral determinants solve the spectral problem, and lead to exact quantization conditions as a consequence. Moreover, in this approach, the spectral determinant naturally introduces well-defined quantities, which we refer to as fermionic spectral traces Z(N ; ). As was shown in [11, 12] , in some cases, these fermionic spectral traces are represented as matrix integrals. In the 't Hooft limit: N → ∞ with N/ fixed finite, the 1/N expansion of the "free energy" log Z(N ; ) gives the all-genus result of the (unrefined) topological strings in the so-called conifold frame. The important point is that log Z(N ; ) also receives non-perturbative corrections at strong 't Hooft coupling in the 1/N expansion. In this sense, the fermionic spectral trace Z(N ; ) provides us a non-perturbative realization of the (unrefined) topological strings.
The conjecture in [7] was confirmed for many examples [10] [11] [12] [13] [14] and generalized for higher genus mirror curves [15] .
In this note, we see another aspect of [7] . We focus on the exact quantization condition. As was shown in [16] , the exact quantization condition in [7] is simply written as ∂ ∂t W(t, m; ) = 2π n + 1 2 , n = 0, 1, 2, . . . ,
where t and m are moduli of the Calabi-Yau manifold. As explained in [17, 18] , for genus one mirror curves, there is only the single "true" modulus t, and the others m can be regarded as "mass" parameters. The claim in [7] is that the quantization condition (1.1) determines all the eigenvalues of the trace-class operators of genus one mirror curves for arbitrary . This is a quite surprising result from the viewpoint of spectral theory.
What is the meaning of the function W(t, m; )? As discussed in [9] , in the semi-classical limit → 0, W(t, m; ) is determined by the refined topological string free energy in the so-called Nekrasov-Shatashvili (NS) limit [19] . Note that the exact quantization condition (1.1) receives not only the perturbative semi-classical corrections but also non-perturbative corrections in the M-theoretic limit: t → ∞ with fixed .
The main claim in this note is that the function W(t, m; ) is interpreted as a nonperturbative free energy of the refined topological strings in the NS limit. 1 We will show that W(t, m; ) is indeed related to the NS limit of the proposal in [5] . This is a natural extension of the quantization conditions in 4d supersymmetric gauge theories [19, [24] [25] [26] to topological strings. We also point out that the quantization condition (1.1) is exactly invariant under an S-dual transformation
This invariance is almost obvious by looking at the result in [16] , and predicts a highly nontrivial relation for the spectrum (see (2.31)). We numerically check it for some examples. These facts suggest that the exact quantization condition (1.1) characterizes another nonperturbative aspect of the refined topological strings. Furthermore, we address Borel summability of the semi-classical expansion of the spectrum. We observe that the semi-classical expansion is very likely Borel summable. We find a strong evidence that its Borel resummation reproduces the exact spectrum correctly. This result implies that in the semi-classical analysis, the perturbative asymptotic expansion is sufficient to reconstruct the exact answer. 2 1 The similar spirit is found in the context of 4d gauge theories [20] [21] [22] [23] . We note that the non-perturbative structure here looks quite different from the one there.
2 One might think that this is inconsistent with the fact that the exact quantization condition receives the non-perturbative correction, but there is no contradiction. The key point is that the semi-classical expansion around = 0 (with fixed t) and the M-theoretic expansion around t → ∞ (with fixed ) are purely different. The former is asymptotic, but the latter is convergent. There is a problem on the order of the limits. It was observed in [27] that the Borel resummation of the string perturbative expansion for the resolved conifold free energy yields non-perturbative corrections if one re-expands it around the large radius point with finite string coupling. Probably, the similar thing happens in the current case.
The organization of this note is as follows. In the next section, we review the proposal in [7] , and write down the exact quantization condition re-expressed in [16] . This expression is beautiful, and one can easily see the S-dual invariance. We also show that the function W(t, m; ) is exactly related to the NS limit of the non-perturbative refined topological string free energy in [5] . In section 3, we observe that the semi-classical spectrum is Borel summable. Its Borel resummation shows a very good agreement with the true spectrum for finite . In appendix A, we propose an efficient way to compute the semi-classical spectrum from numerics.
2 Quantization of mirror curves and exact quantization conditions
Quantizing mirror curves
Our starting point is mirror curves for local Calabi-Yau threefolds. Throughout this note, we consider only the genus one mirror curves. For a CY threefold X, the mirror curve of its mirror X generically take the form
whereũ is the "true" modulus of the genus one curve in the sense of [17, 18] . This mirror curve has enough information to construct the all-genus free energy of the (unrefined) topological strings on X [28] . For local F 0 = P 1 × P 1 and local P 2 , for instance, we have
where m is a mass parameter that plays the role of a complex modulus of F 0 . For other CYs, see table 3.1 in [14] , for example. Following [8, 9] , we want to quantize these mirror curves. The prescription is very simple. We replace the variables (x, p) by the canonical operators (x,p), which satisfy the commutation relation
In this note, we consider only the case that is positive real. There is an ambiguity on ordering of the quantization. Following [7] , we take Weyl's prescription:
For other quantization procedures, additional factors of the form e iα appear, but these factors can be absorbed by redefining the moduli parameters appropriately. Then the quantized mirror curve is given by
where |ψ is a wave function.
Spectral problem and quantization conditions
Now, we associate the quantized mirror curve (2.5) with the following operator
As conjectured in [7] and shown in [10] for many examples, this inverse operatorρ X is a trace-class operator. The operatorρ X has an infinite number of discrete eigenvalues. The quantum eigenvalue problem is thus given bŷ
Note that the eigenvalues λ n are functions of . Very interestingly, for some examples,ρ X is expressed as an integral kernel in a proper representation. In these cases, the eigenvalue problem is formulated by a Fredholm integral equation. See [10] [11] [12] for explicit forms of such kernels.
Spectral determinant. The main problem in this approach is to solve the spectral problem (2.7). For this purpose, let us introduce the spectral determinant ofρ X :
It is obvious that all the eigenvalues ofρ X can be computed by zeros of the spectral determinant. The fermionic spectral trace Z(N, m; ) is introduced by expanding Ξ X (κ, m; ) around κ = 0,
Note that the spectral determinant is an entire function, and has only zeros at κ = −1/λ n . Surprisingly, as conjectured in [7] , we can construct the spectral determinant for any by using known topological string results! The construction is as follows. We start with the free energy of the refined topological strings. Around the large radius point, the free energy is given by 10) where
are integers called refined BPS invariants, which are fixed in several ways, and
We consider the following two limits: 12) where the former is the standard (unrefined) topological string limit, while the latter is called the Nekrasov-Shatashvili limit. We refer to the latter as the NS free energy. It is well-known that the former takes the form 13) where n d g are also integers called Gopakumar-Vafa invariants. The NS free energy is given by
14)
The main ingredient to construct Ξ X (κ, m; ) is the following function
where κ = e µ and the two terms J WKB X (µ, m; ) and J np X (µ, m; ) are related to the NS free energy (2.14) and the GV free energy (2.13), respectively. The subscripts "WKB" and "np" reflect the fact that the former is captured in the semi-classical analysis but the latter is non-perturbative in . The chemical potential µ and the mass parameters m are related to the Kähler moduli t in a non-trivial way. As in [29] , the WKB part is given by
where F poly X (t; ) is a cubic polynomial of t j . The non-perturbative part is written as
where B is a constant vector that depends on X. One imprtant remark is mentioned. The WKB part (2.16) has an infinite number of poles for rational /π. These poles, however, are completely cancelled by the poles of the non-perturbative part (2.17). The total function (2.15) is always finite for arbitrary . This structure was originally found in [30] in ABJM theory. Now we can wirte down the conjecture in [7] . By using the function J X (µ, m; ), the spectral determinant is given by
This sum suggests a quantum deformation of the Jacobi theta function, and the determinant is finally written as
This is the main result in [7] . Though the construction in [7] is heuristic, it has passed many non-trivial tests [10] [11] [12] [13] [14] [15] . The quantum deformed theta function Θ X reduces to the Jacobi theta function when = 2π. The important consequence of this conjecture is that the vanishing condition of Θ X leads to an exact quantization condition that determines all the eigenvalues λ n .
Exact quantization conditions. It turned out in [16] that the exact quantization condition takes a remarkably simple form. In the following, we focus on the local F 0 and local P 2 as examples. It is straightforward to compute other examples (see [7, 16] ). It was shown in [10, 12] that the inverse operatorsρ F 0 andρ P 2 can be written as integral kernels in terms of Faddeev's quantum dilogarithm. Here we do not use these representations. The exact quantization condition takes the form 20) where E n = − log λ n . Of course, the two functions Ω WKB and Ω np inherit the structure in (2.15). For the derivation of the exact quantization condition, see [7] . The result in [16] states that the two building blocks Ω WKB and Ω np for local F 0 are written as
where 
The Kähler modulus t and the energy E is related by the so-called quantum mirror map:
The coefficients a (m; ) can be computed systematically from the quantized mirror curve as in [9] . The very first few forms are given by
where q = e i . For local P 2 , there are no mass parameters. The functions Ω WKB (E; ) and Ω np (E; ) are now given by
where
The quantum mirror map is also given by
The first few coefficients are
It is easy to find that the function f F 0 (t, m; ) and f P 2 (t; ) are related to the NS free energy (2.14),
(2.29)
S-duality
Remarkably, the quantization condition (2.20) is exactly invariant under the S-transform (1.2). More explicitly, we have
After this transformation, the semi-classical perturbative part and the non-perturbative part are exchanged. As a result, there is a highly non-trivial relation between the spectra for and D = 4π 2 / t n 2πm ; 4π 2 = 2π t n (m; ). (2.31)
Once the solution t n (m; ) to the quantization condition is found, the energy spectrum E n (m; ) is determined by the inverse of the quantum mirror map (2.23) or (2.27). Therefore, we can know the spectrum for > 2π from the one for < 2π. The self-dual point = 2π is special. It was observed in [7, 10] that at this point, the spectral determinant and the quantization condition are drastically simplified. Note that the similar S-dual structure is found in the context of vortex-antivortex factorization in 3d supersymmetric gauge theories [31] .
Let us test the relation (2.31). We directly evaluate the numerical values of the eigenvalues, as in [32] . We represent the operator O X (x,p) in an orthonormal basis. A natural choice is eigenstates |ϕ j of the harmonic oscillator. Then we obtain an infinite dimensional matrix representation
What we should do is to diagonalize it. In practice, we truncate it to an L × L matrix. The obtained eigenvalues must converge to the correct ones in the infinite size limit L → ∞. In Table 1 . A test of the S-dual relation (2.31) for local F 0 . We evaluate E n (m; ) by diagonalizing the matrix (2.32), then compute t n (m; ) by the quantum mirror map (2.23) . Table 2 . A test of the S-dual relation (2.31) for local P 2 . this way, we can compute the numerical values of E n for finite . In tables 1 and 2, we show the numerical values of the spectrum in some cases. We first evaluate the energy E n (m; ) from the matrix (2.32), and then translate it into t n (m; ) by the quantum mirror map (2.23) or (2.27). These tables show that the S-dual relation (2.31) indeed holds.
Comparison to a non-perturbative proposal
Let us compare the quantization condition (2.20) with (2.21) to the proposal in [5] . The claim in [5] is that a non-perturbative completion of the refined topological string free energy is given by
where F ref (t; τ 1 , τ 2 ) is the "perturbative" free energy (2.10).
We want to take the NS limit in (2.33). In the limit τ 2 → +0 with t kept finite, the last term on the right hand side in (2.33) vanishes because t/τ 2 → ∞. Also, since τ 2 /τ 1 goes to zero in the limit τ 2 → 0 with τ 1 kept finite, the second term is related to the NS free energy. One easily finds lim
Thus the non-perturbative NS free energy is given by
Note that this result is consistent with the result for the resolved conifold in [33] . Comparing (2.34) for local F 0 with (2.22), we find
Combining all the results, we conclude that the function W(t, m; ) in (1.1) for local F 0 is precisely related to the non-perturbative proposal of the NS free energy
where we dropped an integration constant. Similarly, for local P 2 , we find
where F NS np (t; ) is a little bit modified non-perturbative free energy, defined by
One can push the same computation for other examples.
3 Borel summability of semi-classical spectrum
In this section, we consider the WKB expansion of the spectrum, and discuss its resummation. In the semi-classical analysis → 0, the non-perturbative part in (2.20) is invisible. The perturbative part admits the WKB expansion
The WKB quantization condition
determines the semi-classical expansion of the eigenvalues
In the following, we concentrate ourselves on the case of local F 0 with m = 0 for simplicity. The WKB expansion up to 3 in this case is found in [32] ,
It is not easy to compute the higher order corrections from the quantization condition (3.2).
In appendix A, we propose a very efficient method to fix the coefficients χ ( ) n for relatively small n from numerics. Using this method, we indeed fixed χ Now, we want to perform the resummation of (3.3). We first observe that the coefficients χ ( ) n grows factorially for 1. Therefore, the series is asymptotic, and we need the Borel resummation. Let us consider the Borel transform of (3.3)
The Borel resummation is then given by the inverse Laplace transform 
What does it imply? This relation suggests that the Borel resummation of (3.1) also coincides with the exact result
= Ω(E, m; ). (n = 0, 1) for = π/2. The resummation using the diagonal Padé approximant with order M is denoted by S In the M-theoretic limit: E → ∞ but kept finite, the right hand side splits into the two parts: the perturbative and non-perturbative parts (see (2.21)). If this guess is correct, the Borel resummation of the semi-classical expansion gives not only the perturbative resummation in the M-theoretic expansion but also the non-perturbative correction in . This structure is very similar to the resummation of the string perturbative expansion for the resolved conifold, as observed in [27] (see also [13] ). So far, we do not have a strong evidence of the guess (3.8). It would be very interesting to check (3.8).
Concluding remarks
In this note, we gave some comments on the exact quantization condition in [7] . We demonstrated that it naturally provides a non-perturbative completion of the refined topological strings in the NS limit. Interestingly, this quantization condition enjoys the exact S-dual invariance. This invariance gives a very strong constraint of the form of W(t, m; ). In particular, it completely determines the non-perturbative correction from the perturbative result. It would be interesting to check this S-dual invariance for many other examples that has not been studied in the literature. It is also interesting to consider what the S-duality in the exact quantization condition implies for the spectral determinant. In 4d supersymmetric gauge theories, the function corresponding to W(t, m; ) in (1.1) is interpreted as the Yang-Yang potential in quantum integrable systems [19, 26, 34] . It is interesting to explore a relation between W here and the Yang-Yang potential. The Nekrasov instanton partition function in the NS limit can be computed by TBA integral equations [19] (see also [35] ). We believe that the topological string free energy in the NS limit is also governed by such integral equations. It would be nice to find out such equations and to investigate a relation to the function W.
A generalization to higher genus mirror curves seems to be straightforward. For a genus g curve, there are g "true" moduli t. For the genus g algebraic curve, there are g independent A-cycles and also g independent B-cycles. We require the single-valuedness of the wave function around every B-cycle. 3 Then we naturally arrive at the exact quantization conditions ∂ ∂t i W(t, m; ) = 2π n i + 1 2 , i = 1, . . . , g. In the semi-classical limit, the left hand side is related to the quantum B-period for each Bcycle. The solutions t i (i = 1, . . . , g) to the quantization conditions (4.1) are maybe related to higher conseved charges in the corresponding integrable system. The quantization conditions (4.1) are different from the recent proposal in [15] . In [15] , a generalized spectral determinant with g fugacities were introduced. As in the genus one case, it characterizes non-perturbative aspects of the topological strings through the (generalized) fermionic spectral traces. The consequence of the generalized spectral determinant in [15] is that it leads to a single quantization condition. Up to now, it is unclear to us how these two generalizations are related to each other. It would be nice to clarify it more deeply. It is also interesting to consider the field theoretic limit of the topological strings. The A N −1 CY geometry, for example, is related to the SU(N ) Seiberg-Witten theory via the geometric engineering [36] . It is well-known that this theory is related to the periodic Toda chain. The quantization condition for the periodic Toda chain [37] is written in terms of the TBA equations [38] . It would be interesting to compare the 4d field theoretic limit of (4.1) for the A N −1 geometry with the quantization condition for the Toda chain.
